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Spherical coordinates, also called spherical polar coordinates (Walton 1967, Arfken 1985), are a system of curvilinear coordinates that are natural for describing

positions on a sphere or spheroid. Define fi to be the azimuthal angle in the x y-plane from the x-axis with ()} = #l < 2 1 (denoted .\ when referred to as the longitude), Oth
i to be the polar angle (also known as the zenith angle and colatitude, with ¢ = 91 * — & where ¢ is the latitude) from the positive z-axis with (I} < ¢ = x, and r to be

distance (radius) from a point to the origin. This is the convention commonly used in mathematics.

In this work, following the mathematics convention, the symbols for the radial, azimuth, and zenith angle coordinates are taken as r, f§, and ¢, respectively. Note that
this definition provides a logical extension of the usual polar coordinates notation, with fi remaining the angle in the x y-plane and ¢ becoming the angle out of that
plane. The sole exception to this convention in this work is in spherical harmonics, where the convention used in the physics literature is retained (resulting, it is
hoped, in a bit less confusion than a foolish rigorous consistency might engender).

Unfortunately, the convention in which the symbols fi and ¢i are reversed is also frequently used, especially in physics. The symbol s1is sometimes also used in
place of r, and  and ifr instead of ¢v. The following table summarizes a number of conventions used by various authors; be very careful when consulting the
literature.

(radial, azimuthal, polar) reference

(r. 8, é) this work, Zwillinger (1985, pp. 297-298)

(p. 0. ) Beyer (1987, p. 212)

(r.d. ) Korn and Korn (1968, p. 60)

(r,d, ) Misner et al. (1973, p. 205)

(Rr, Pphi, Ttheta) SetCoordinates[Sphericallr, Ttheta, Pphi]] in the Mathematica package VectorAnalysis ')
(r. . @) Arfken (1985, p. 102)

(r. W, &) Moon and Spencer (1988, p. 24)

The spherical coordinates (r, fl, ¢i] are related to the Cartesian coordinates (x, v, z] by

- 1 :v

fi=tan ['} @)
P

H=C0s lr] @3)

where r & [0}, co) & [0, 2 1), and ¢ & [0, 7], and the inverse tangent must be suitably defined to take the correct quadrant of (x, v] into account.
In terms of Cartesian coordinates,

x=rcosfsind
y=rsinfsing
z=rcos .

38z

The scale factors are

23

so the metric coefficients are

gr=1 (10)
(11)
e =1, (12)

B =

The line element is
d's:drf+rnftf'&+r$‘ll‘lnﬁdﬁf‘i‘. (13)

the area element
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da=rsinddfddr,

and the volume element

dV="rsingdddidr.

The Jacobian is

dalx. v, z) .
m =r singd.
The position vector is
reos fsind
r=|rsinfising |,
reos ¢
so the unit vectors are
dr
r=
ar
cos fsiné
=|sin#siné
cos &
.J_r
b=
dr
di
—sinfl
=|cosf
0
cos fcos ¢
=|sinficos ¢ |.
=siné

Derivatives of the unit vectors are
dF
ar
b
ir

— =—cosdd-sindF

i _ .
FT =cosd @l

The gradient is

Ld . d
V=F—+-¢—+

dr r o dé rsing

and its components are
v.r=0
. -
Vir=-#@
r

Vii=- b

v, 8=
. cotdh . 1,
Vil==- $--r

r

V=0
{-‘fi:ﬂ

| .
'C-.J=; coté &

= |-

P

Vadi=-

(Misner et al. 1973, p. 213, who however use the notation convention (r, ¢, if)).
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(14)

(15)

(16)

a7)

(18)

(19)

(20)

(1)

(22)

(23)

(24)
(25)
(26)
@
28)
(29)
(30)
(@31)

(32)

(33)

(34)
(35)
(36)
@7)
(38)

(39)
(40)

41)

(42)
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The Christoffel symbols of the second kind in the definition of Misner et al. (1973, p. 209) are given by

0 0 0
|
0 -- 0
"= r (43)
|
0o 0 --
r
1
0 - 0
r
=0 0 0 (44)
oot
0 ¢ 0
r
1
0 o -
r
=l _cotd o (45)
r
0 o 0
(Misner et al. 1973, p. 213, who however use the notation convention (r, ¢, #J). The Christoffel symbols of the second kind in the definition of Arfken (1985) are
given by
0 0 0
"=(0 -rsin¢ 0 (46)
0 0 —-r
1
0o - 0
r
=1
=2 0 cotg “n
r
0 coté 0
1
0 0 =
r
r*=|0 -sindcosd 0 (48)
1
- 0 0
r
(Walton 1967; Moon and Spencer 1988, p. 25a; both of whom however use the notation convention (r, i, ]).
The divergence is
d 2 1 i 1 d cot é
P — A" — AT —_ —AY - — A% — A%
VE= At A G wt T ra A (49)
or, in vector notation,
v.F 2 4 F ll il muﬂ]F 1 dF,
F=|=4 = |F +|= —+ b o——
[ r t'lr] ! r id r 4T rsing a8 (50)
1 a‘il‘.‘_ 1 :'il_ S+ 1 dF,
== —|r F, | # —— —|sin _—
AL A T A 61
The covariant derivatives are given by
| A, .
App = — — =T A,
== e = A (52)
so
A,
Apyp= = (53)
A 1 dA, Ay
T rsne ae 64
A 1 l:‘m, 2 )
-_a-; W 4 (55)
A A,
oy = = (56)
A 1 dAy  cotd A A
= e— — . o— —
o rsing a4 r * r (57)
A 1 dA, dA,
».a—; F dr i W (58)
A, aA,
Agp=— =T -—
& r o A . (59)
A 1 dA, coté B
“_rsindl FT " (60)
1 d4, A,
Agp== — 4 —,
W=7 di r 61
The commutation coefficients are given by
Mo - - - -
Coff € = |e'., . f,-;l =V, - Vge, (62)
[F. 7] =[0.6] = [¢. ] =o. (©3)

¥ o

S0 ¢}, = Cy = ey =, where @ = r, I, éh.
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PO U I
[F.8]==[0.F]|=V,0-Vii=0--0=--14. (64)
r r
50":4—"':r—":(,,,_(m_[]
. A I - 1.
[F.é]=-[#.F]=0--¢=--¢. (65)
r r
& + 1
SO,y = =0y, =7
- PP | . | -
[0.8]=-[6.0]=-corp@-0=-coréd, (65)
r r
so
& & I
(-,,,=—v,,=;cot é. (67)
Summarizing,
000
=10 00 (68)
000
1
0 -— 0
r
L |
=)= 0 ;cotd (69)
1
0 --coté 0
r
1
00 --
r
A=|00 0| 70)
1
-0 0
v
Time derivatives of the position vector are
cos Asing i - rsinfsingd #+ rcos fcos ¢ d
i=|sin@siné i+ rcos @siné  + rsinfcos ¢ ¢ (71)
cos i —rsinéd é
cos Asing -sinfl cos fcos ¢
=|sinfsing |7+ rsing|cos# | @4 r|sinfcosd |G (72)
cos ¢ o —sing
Sib4rsingi0+rdd. (73)
The speed is therefore given by
val=VA+2sint g0 + 7§ . (74)
The acceleration is
(=sin@sin @ @7 + cos Acos @ 7§ + cos Osind 7) -
= . .4 . . . L . . L .3 .y (75
(smﬁfsmorﬁ*-rcos#smaﬂ‘+rschos¢Ha+rsmHsde]+(cosﬂcosord-rsmﬂcosﬂd-rcos#sméo +rcosﬁfcos¢o] 9
:—lsinﬂsinﬁﬂ'ﬂ-Icnsﬂcnse&ir[ﬂ—ErsinﬂcnsMs‘é+msHsind'r'-rsianindi&chnschm&-rmﬂsind{@f+{ﬂ:] (76)

(sin@sin 7 + rcos sind § 4 rcos ¢ sin ) +

= (cos#smdiﬁ-rsm#smaﬁl+rcosﬂcos¢ﬁé+rcos#sinaii]+(smfn‘coséi&+rcos#m&¢ﬁ$-rsm#smééz+r5|nﬂcosé$}(77)
:2mﬂsind#i+25inﬁmdiiﬂ+2roosﬁmsd#é+sinﬂsinﬁhrcosf-‘sinwﬁwsinﬂmuid&-rsinﬂsind(ff‘Hﬁ (78)
£={ms¢'|'r'-sindfé}-['rsineﬁ&nmsdé}+rsine&3] (79)
= rcosdd bcosdi-2sinddi—rsingd (®0)
Plugging these in gives
cos fsing cos fcos ¢ cos
F=(i-rd’)[sindsing |+ (2rcos ¢ #é+2sing Bi+ rsingd)| cos 6 |+ (27 d+rd)|sinficosd |~ rsing ¥ [sin6 |, @1
cos ¢ ~sind 0
but
cos Asin® é + cos fcos® ¢
5in61‘-+mai= sin#sin” ¢ + sinfcos” @ (©2)
0
cos
=|sinfi |, (83)
0
SO
f:(i‘--r&a:)h[zrmso%+25indat€l'r+rsina."i}ﬁ+{1iéﬁ+r$13-r5indaif{sindhcoséi] (84)
=(i‘--rfb:—rsin’e&f-"‘)H[2sin¢f“i+2rcas¢ﬁé+rsind\i‘i]5+[2i$+r$—rsinémd#)i. (85)
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Time derivatives of the unit vectors are

Fesind b+ bd (86)
f=-0(sind ¥ +cos 6 §) ®7)
$=-bF+cosdi. (88)
The curlis
1 1 aF, d L~ lyd daF,
VxF= — | — —_— - —(rF)| 4 = | =[rF))- —
rsing | 36 g a0 " "}l o+ ’.‘ir (rFa)= 35 (®9)
The Laplacian is
- I a ,t'.i] 1 > 1 c‘.il_éc‘.i]
cES | et ot e
SR ol ar) Pinte aF Psine 0 e (©0)
1 ,;'}-"ﬂ 1 s 1 (bﬂ _é:‘i’
==|r —=+2r— |4+ —— —+——|cOos ¢ — +sind — 1
Al af ar o 9 Psind i Fre 1
#F 24 1 # ocosd a1 F
sst- gt TSttt o (92)
ar rdr Psintd dF Fsing 96 2 agt
The vector Laplacian in spherical coordinates is given by
L 2o 1 Py Ly by 2 M 2 M e
-_ -ll: +}: rl\‘-‘ }2 un:il -H“ + r: o 12 o o oand O J“
2o |1 Plw) 1 Py L P coh M 2 oot e 2 Y
Viv=|2 PR T V7 % Pamim 2@ Zuls : (©3)
) 1 Py s Wy 2 o, et Mo 1}
R e T e B b
Lol T oant 8§ o L e o osinf L - oan” §
To express partial derivatives with respect to Cartesian axes in terms of partial derivatives of the spherical coordinates,
x rcos fising
y|=|rsinfsiné (94)
z reos é
dx] [cos@singdr—rsinfsingdd+rcosfcosddd
dy|=|sinfsingdr+rsingcosfdf+rsinficos ddd (95)
dz cosddr—rsinddé
cosfising —rsinfising rcosfcosd|[dr
=|sinfising rcos@sing rsinflcose |[df]. (96)
o8 ¢ 0 =rsing ||dé
Upon inversion, the result is
cos fising sinfsind cosé
dr dx
_ sin# cosll 0
dil | = ramd reind dy|. (97)
dé co foos & sinfood _ sind || dz
Y —r -
The Cartesian partial derivatives in spherical coordinates are therefore
a fsind d  sinf a9 +msﬂmsd il
— =cos fAsing — = —— —f ———— —
dx dr rsing a8 r i (98)
il infsind d cosfl d +sim‘lct'lsdﬁ il
— =sinfsing — 4 —— — b ————n —
dy dr  rsing a9 r ¢ (©9)
a é d sing 9
— =005 ) = —— —
iz dr r dd (100)

(Gasiorowicz 1974, pp. 167-168; Arfken 1985, p. 108).
The Helmholtz differential equation is separable in spherical coordinates.
SEE ALSO: Azimuth, Colatitude, Great Circle, Helmholtz Differential Equation--Spherical Coordinates, Latitude, Longitude, Oblate Spheroidal Coordinates, Polar

Angle, Prolate Spheroidal Coordinates, Zenith Angle
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